Using the fundamental solutions for three-dimensional transversely isotropic magnetoelectroelastic bimaterials, the extended displacements at any point for an internal crack parallel to the interface in a magnetoelectroelastic bimaterial are expressed in terms of the extended displacement discontinuities across the crack surfaces. The hyper-singular boundary integral-differential equations of the extended displacement discontinuities are obtained for planar interface cracks of arbitrary shape under impermeable and permeable boundary conditions in three-dimensional transversely isotropic magnetoelectroelastic bimaterials. An analysis method is proposed based on the analogy between the obtained boundary integral-differential equations and those for interface cracks in purely elastic media. The singular indexes and the singular behaviors of near crack-tip fields are studied. Three new extended stress intensity factors at crack tip related to the extended stresses are defined for interface cracks in three-dimensional transversely isotropic magnetoelectroelastic bimaterials. A penny-shaped interface crack in magnetoelectroelastic bimaterials is studied by using the proposed method.
Introduction
Magnetoelectroelastic materials are finding more and more applications in many areas such as electronics, laser, supersonics, infrared, microwave, and so on, due to their coupling effect among the mechanical, 0020-7683/$ -see front matter Ó 2007 Elsevier Ltd. All rights reserved. doi:10.1016 All rights reserved. doi:10. /j.ijsolstr.2007 electric and magnetic properties. The integrity and reliability of the structures depend greatly on the defects, such as inclusion, void, crack, etc., in the materials and structures. So the study of cracks in magnetoelectroelastic materials and structures has been attracting more and more efforts (e.g., Huang et al., 1998; Gao et al., 2003a; Wang and Mai, 2003; Tian and Rajapakse, 2005; Zhao et al., 2006a Zhao et al., ,b, 2007 . The influences of different electric and magnetic boundary conditions on crack faces on solutions were investigated Zhao et al., 2006a Zhao et al., ,b, 2007 Wang and Mai, 2007) . Laminated composite structures of these materials are often used to enhance the coupling effects. In such case, interfacial fracture is one of the major failure modes in these composite structures. Therefore, interface cracking of magnetoelectroelastic bimaterials has drawn much attention. For example, Gao et al. (2003b) considered a generalized two-dimensional problem of an interface crack between two dissimilar magnetoelectroelastic solids under permeable condition and general loading. Gao and Noda (2004) derived an explicit analytic solution of an interface crack in a two-dimensional magnetoelectroelastic bimaterial system under uniform heat flow at infinity. By using Schmidt method, Zhou et al. (2004) discussed the behavior of two symmetric interface cracks in magnetoelectroelastic bimaterials under anti-plane shear stress loading. Feng and Pan (accepted for publication) investigated the anti-plane problem for an interface crack between two dissimilar magnetoelectroelastic plates under several kinds of electrical and magnetic boundary conditions. However, to the best of our knowledge, few study focus on a three-dimensional interface crack problem in magnetoelectroelastic bimaterials.
Therefore, it is the purpose of this work to present a method to analyze planar interface cracks of arbitrary shape in three-dimensional magnetoelectroelastic bimaterials and characterize the singular behaviors of near crack-tip fields. After the Introduction, the basic equations are given in Section 2. Based on the fundamental solutions (Ding et al., 2005) and the Somigliana identity, the displacement, the electric and magnetic potentials at any point for an internal crack parallel to the interface are expressed in terms of the extended displacement discontinuities across the crack surfaces in Section 3. Then, in Section 4, the boundary integral-differential equations for impermeable interface cracks are obtained. An analysis method is developed for analyzing planar interface cracks of arbitrary shape in three-dimensional magnetoelectroelastic bimaterials in Section 5. Section 6 studies the singular indexes and the singular behaviors and defines three new extended stress intensity factors at crack tip. An electrically and magnetically permeable crack is discussed in Section 7. Numerical results are given in Section 8, and finally in Section 9 the present paper is concluded.
Basic equations
For a three-dimensional transversely isotropic magnetoelectroelastic bimaterial with the poling direction being along the z-axis in the Cartesian coordinate system oxyz, in the absence of body force, electric charge and electric current, the governing equations are given by r ij;j ¼ 0; D i;i ¼ 0; i; j ¼ 1; 2; 3ðx; y; zÞ; B i;i ¼ 0; ð1Þ r ij ¼ c ijkl ðu k;l þ u l;k Þ=2 þ e kij u ;k þ f kij w ;k ; D i ¼ e ikl ðu k;l þ u l;k Þ=2 À e ik u ;k À g ik w ;k ; B i ¼ f ikl ðu k;l þ u l;k Þ=2 À g ik u ;k À u ik w ;k ; ð2Þ where r ij , D i and B i are the stress, electric displacement and magnetic induction, respectively. u(u 1 ), v(u 2 ) and w(u 3 ) are the displacements, and u and w are, respectively, the electric potential and magnetic potential. c ij , e ij , f ij , e ij , g ij and l ij are the elastic constants, piezoelectric constants, piezomagnetic constants, dielectric permittivity, electromagnetic constants and magnetic permeability, respectively. A subscript comma denotes the partial differentiation with respect to the following coordinate.
3. Boundary integral expressions of extended displacement for electrically and magnetically impermeable internal planar crack of arbitrary shape
Boundary condition
Consider a three-dimensional transversely isotropic magnetoelectroelastic bimaterial with the interface being parallel to the plane of isotropy. A Cartesian coordinate system is set up such that the oxy-plane lies in the interface. An arbitrarily shaped planar crack S lies in the plane z = H(H > 0). The upper and lower faces of crack S are, respectively, denoted by S + and S À , as schematically shown in Fig. 1 . The outer normal vectors of S + and S À are, respectively, given by
The electrically and magnetically impermeable condition on crack faces is expressed by
where D z and B z are the electric displacement and the magnetic induction in the z-direction.
As we know, the problem can be regarded as the superposition of two problems. One is the no crack problem with the given applied loadings. And the other is the perturbed problem with the loadings being applied on crack faces. The first problem is analyzed to obtain the uncracked extended tractions on the crack faces. Thus, the boundary conditions on the crack faces of the perturbed problem can be written as
where the extended tractions are
Eq. (5) demonstrates that the loadings on the upper and lower crack faces are equal but opposite in sign.
Extended displacements expressed in terms of extended displacement discontinuity
By using of the fundamental solutions (Ding et al., 2005) given in Appendix A and the Somigliana identity for two-phase magnetoelectroelastic media under the electrically and magnetically impermeable conditions, the displacements u i , the electric potential u and the magnetic potential w at any internal point (x, y, z) can be expressed in the following integral forms u i ðx; y; zÞ ¼ À
where
are the tractions, the electric displacement boundary value, the magnetic induction boundary value, the displacement, the electric potential and the magnetic potential of the fundamental solutions corresponding to the unit point force in the ith direction, respectively, and P 
where the upper indexes F, D and B refer to the variables corresponding to a point force, point electric charge and point electric current, respectively. For the fundamental solutions, one has the following relations on crack faces
Substituting Eqs. (5) and (9) into Eq. (7) yields
where ku j k, kuk and kwk are the displacement discontinuities, the electric potential discontinuity and the magnetic potential discontinuity across the crack faces, respectively, namely
kuðn; gÞk ¼ uðn; g; 0 þ Þ À uðn; g; 0 À Þ; ðn; gÞ 2 S; kwðn; gÞk ¼ wðn; g; 0 þ Þ À wðn; g; 0 À Þ:
Substituting the fundamental solutions in Appendix A into Eq. (10) yields the concrete expressions, and then into the constitutive Eq. (2) obtains the stress, the electric displacement and the magnetic induction fields expressed in terms of the extended displacement discontinuities across the crack faces.
Boundary integral-differential equations for interface cracks
An internal crack becomes an interface crack as
On letting z ! 0, considering boundary condition in Eq. (5) and applying the following type integrals
after some algebraic mathematical manipulations, we obtain the boundary integral-differential equations for a interface crack Z
and the coefficients K s with different subscript ''s'' are material constants given in Appendix B.
Note that the kernels in Eq. (14) have the singularity r À3 , and hence the integral-differential equations are hyper-singular ones. It should be pointed out that the boundary integral-differential equations are applicable to multiple coplanar interface cracks.
When the bimaterial becomes homogeneous,
the differential terms in Eq. (14) disappear. Therefore, the boundary integral-differential equations are reduced to the hyper-singular boundary integral equations derived by Zhao et al. (2007) .
Solution method
In this section, a solution method will be proposed based on the analogy between the obtained boundary integral-differential equations for interface cracks in magnetoelectroelastic bimaterials and those in purely elastic media.
5.1. Solutions of boundary integral equation 5.1.1. Solutions for the extended displacement discontinuity kwk + C 1 kuk + C 2 kwk Combing Eqs. (14c) and (14d) yields
where C 1 , C 2 and C 3 are constants related to the material constants and given by
It shows that Eq. (17) is the hyper-singular boundary integral equation for the combined extended displacement discontinuity kwk + C 1 kuk + C 2 kwk. For the same crack S in the oxy-plane in a purely elastic medium subjected to the traction t z (x, y) along the z-axis on the crack face, Ioakimidis (1982) gave the boundary integral equation of the displacement discontinuity kWk in the z-direction
where E and m are, respectively, the Young's modulus and Poisson's ratio of the elastic medium. On letting
It can be seen that Eqs. (17) and (19) are identical in form and, thus, they have the same solution
Eq. (22) indicates that the solution of the combined extended displacement discontinuity kwk + C 1 kuk + C 2 kwk can be directly obtained from the corresponding elastic solution.
5.1.2. Solutions for the extended stress r zz À C 3 D z and the extended intensity factor K I1 The stress and the electric displacement near the crack tip in the crack plane can be expressed in the following form
On the other hand, the stress for a crack in purely elastic media can be expressed in the following form
where R ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ðx À nÞ 2 þ ðy À gÞ 2 q > 0. From Eqs. (22)- (24) and the conclusion of purely elastic fracture mechanics, it can be seen that the combined extended stress r zz À C 3 D z has the classical singularity r À1/2 near the interface crack tip in a magnetoelectroelastic bimaterial, where r denotes the distance to the crack tip.
The Mode I stress intensity factor in the purely elastic problem is defined by
and expressed in terms of the displacement discontinuity
Correspondingly, the first Mode I extended intensity factor in a magnetoelectroelastic bimaterial can be defined
and thus can be calculated by
Finally, combining Eqs. (20)- (22) and Eqs. (25b)- (26b) yields
The first Mode I intensity factor K I1 is found to be one of the parameters characterizing the singular extended stresses near the interface crack tip 5.1.3. Solutions for the extended displacement discontinuity kwk + C 4 kuk + C 5 kwk, the extended stress r zz À C 6 B z and the extended intensity factor K I2 Similarly, combining Eqs. (14c) and (14e) gives
and an extended stress near the crack tip in the crack plane are introduced
Thus, in the same way as in the last subsection, another intensity factor for interface crack in a magnetoelectroelastic bimaterial can be defined
and expressed in the extended displacement discontinuities
At last, one has
The intensity factor K I2 is the second extended intensity factor defined to characterize the extended stresses near the interface crack tip.
Solutions of boundary integral-differential equations
For the same interface crack problem in a three-dimensional isotropic elastic bimaterial, the boundary integral-differential equations are given by Tang et al. (1998) 
Â ðx À nÞðy À gÞ r 5ũ 2 ðn; gÞdSðn; gÞ þ 2p
Â ðx À nÞðy À gÞ r 5ũ 1 ðn; gÞdSðn; gÞ þ 2p
r 3ũ 3 ðn; gÞdSðn; gÞ þ 2p oũ 1 ðx; yÞ ox þ oũ 2 ðx; yÞ oy
where l 1 , m 1 , l 2 and m 2 are, respectively, the shear modulus and Poisson's ratio of the two bonded half spaces containing Material 1 in the upper region and Material 2 in the lower region, respectively. Andũ 1 ,ũ 2 andũ 3 are the displacement discontinuities, and p 1 , p 2 and p 3 are the tractions on the crack faces along the x-, y-and z-direction, respectively.
For the boundary integral-differential equations of magnetoelectroelastic bimaterials, Eqs. (14a) and (14b) can be rewritten as Z
Combining Eqs. (14c)- (14e) gives
where C 7 and C 8 are constants to be determined. Defining
solving Eqs. (37) and (38) determines the constants C 7 and C 8
Eq. (36) can be rewritten as Z
where L is a constant to be determined, and kw * k is the combined extended displacement discontinuity given by
Comparing the coefficients in Eqs. (32)- (34), and Eqs. (40)- (42), on letting
one obtains
From Eqs. (32)- (34), and Eqs. (40)- (42), it is found that the boundary integral equations for interface cracks in magnetoelectroelastic media and those in elastic media are identical in form, therefore, the solutions should be the same kuk ¼ũ 1 ; kvk ¼ũ 2 ; kw Ã k ¼ũ 3 :
Thus, it can be seen from Eq. (47) that the solution of an interface crack in a magnetoelectroelastic bimaterial can be obtained by using the solution of the corresponding purely elastic problem.
6. Singularity index and singular behaviors of near crack-tip fields
Singularity index
The singular behaviors near crack-tip fields are analyzed following Tang et al. (1998) . Assume that an arbitrary point o is chosen on the crack edge C of crack S for analyzing the singular behavior. The edge C is smooth at point o. Without loss of generality, the Cartesian coordinate system oxyz is oriented so that the x-direction and y-direction are normal and tangent to C, respectively, as schematically shown in Fig. 2 . On a given small circular area R of radius d centered at point o contained in S, the hyper-singular parts of Eqs. (40)- (42) should be finite in R for finite prescribed mechanical, electric and magnetic loadings
where F x , F y and F MDB are all finite functions for (x, y) 2 R. In the neighborhood of point o for a small R, the displacement, the electric potential discontinuities and the magnetic potential discontinuities are given by
where A 2 (o) is arbitrary real constants, A 1 (o) and A 3 (o) are all complex constants (Tang et al., 1998) , a i are the singularity indexes, and
Substituting Eq. (49) into Eq. (48), using the following type integrals A 1 ðoÞ cot pb À 3K 41 Lð2K 11 þ K 12 Þ A 3 ðoÞ ¼ 0;
where b = a 1 = a 3 . From Eq. (44), one has
Solving Eq. (53) gives
where e is related to the bimaterial properties by Eqs. (53) and (44). Eq. (54) shows that the displacement discontinuity kvk has the classical singularity index 1/2, while kuk or kw * (n,g)k has the singularity index 1/2 ± ie as the case in purely elastic bimaterials.
Near-tip extended stress fields and intensity factors
The extended stresses at point (Àr, 0, 0) near the crack tip outside of the crack are obtained based on the fundamental solution of the extended displacement discontinuities
for a magnetoelectric bimaterial,
for a purely elastic bimaterial, where R ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ððx þ rÞ 2 þ y 2 Þ q > 0. The results show that the stress r 32 has the classical singularity r À1/2 , while r 31 and r 33 have the singularity r À1/2+ie (Tang et al., 1998) . Thus, it can be concluded that the stress r zy has the classical singularity r À1/2 , while r zx and r zz + C 7 D z + C 8 B z have the singularity r À1/2+ie by comparing Eq. (55) with Eq. (56). In a purely elastic bimaterial, the stress intensity factors are defined 
and expressed in terms of the displacement discontinuities (Tang et al., 1998 )
If the intensity factors for an interface crack in a magnetoelectroelastic bimaterial are defined as 
and finally, the intensity factors can be expressed in terms of the extended displacement discontinuities
Considering Eq. (35), Eqs. (44)- (47), Eq. (58) and Eq. (60), the following relationship are obtained
The intensity factor K I3 is the third fracture parameter defined near the crack tip. It should be pointed out that Eqs. (27), (31) and (61) are independent of the shape, the dimension and the geometry of the crack and the distribution of the mechanical-electric-magnetic loading. And they can be calculated directly using the corresponding solutions of purely elastic problem, which have been studied intensively and extensively. The similar conclusion was reached for planar cracks in three-dimensional homogeneously transversely isotropic magnetoelectroelastic material (Zhao et al., 2007) .
Solutions for electrically and magnetically permeable interface cracks
The electrically and magnetically permeable condition is another important condition on crack face given by kuk ¼ uðx; y; 0 þ Þ À uðx; y; 0 À Þ ¼ 0;
where D c z and B c z , respectively, denotes the electric displacement and the magnetic induction in the z-axis direction in the crack cavity. By using the same derivation procedure in Section 4 and the Gauss theory, the displacement discontinuity boundary integral-differential equations are obtained Z 
where the displacement discontinuities kuk, kvk, kwk, the electric displacement D c z and the magnetic induction B c z in the crack cavity are the unknowns to be determined.
Eqs. (63a)-(63c) can be rewritten as Eqs. (40)
where L p is a constant to be determined, and
Letting kuk ¼ũ 1 ; kvk ¼ũ 2 ; kw Ã k ¼ũ 3 ; ð66Þ
gives
In the above equations, the superscript ''p'' is attached to denote the corresponding quantities under permeable condition. The results demonstrate that the displacement discontinuities can be obtained directly from the solutions of the corresponding elastic problem, which depend only on the mechanical loadings. Furthermore, the electric displacement D c z and the magnetic induction B c z in the crack cavity can be calculated from Eqs.
It can be easily obtained that that the stress r zy has the classical singularity r À1/2 , while r zx and r zz have the singularity r À1=2þie p , and
If the intensity factors are defined 
they can be expressed in terms of the extended displacement discontinuities
The results show that the intensity factors, the displacement D z and magnetic induction B z are dependent only on the mechanical loadings.
Numerical examples and discussions

Material related constants
In the open literature, only one kind of magnetoelectroelastic material, i.e., the BaTiO 3 &CoFe 3 O 4 composite, can be found with BaTiO 3 as the inclusion and CoFe 2 O 4 as the matrix. The piezoelectric volume fraction of the inclusion is denoted by V i . The following mixture rule is used to determine the composite material constants correspondingly from those of the piezoelectric inclusion and the piezomagnetic electric matrix 
where the superscripts ''c'', ''i'' and ''m'' represent the composite, inclusion and matrix, respectively. In the present paper, other composites of 5 piezoelectric ceramics, such as PZT-4, PZT-5H, PZT-6B, PZT-7A and P-7 with the piezomagnetic materials, namely CoFe 2 O 4 , are also used in the numerical calculations. The magnetoelectroelastic bimaterial is obtained by assigning two kinds of these composites in the upper and lower half-spaces with the volume fractions denoted by V þ i and V À i , respectively. The material constants are listed in Table 1 (Huang et al., 1998; Chue and Liu, 2005; Ou and Wu, 2003) . The magnetic constants of the used piezoelectric ceramics are assumed to be the same as those of BaTiO 3 because these constants are non-available. It should be pointed out that the value of l 11 of CoFe 2 O 4 was negative in (Huang et al., 1998) . However, the negative value is questionable because it causes a negative internal energy and the Stroh formalism cannot be applied (Pan, 2002) . The handbook (Neelakanta, 1995) indicates that the magnetic permeability of ferrimagnetic materials, such as CoFe 2 O 4 , should be positive. Therefore, positive values were used in recent research . Recently, this issue was discussed by (Chue and Liu, 2005; 
). For these reasons, a positive value is also assigned to l 11 in the numerical calculations in the present paper. Fig. 3 shows the singularity index e for an impermeable crack versus different volume fraction V À i in the lower half space and V þ i in the upper half space for composite BaTiO 3 &CoFe 2 O 4 . The singularity index e is always a real number. When the bimaterial becomes homogenous, i.e., V þ i ¼ V À i , e = 0, the oscillatory singularity disappears. The difference between the singularity indexes under permeable boundary condition and impermeable boundary condition is less than 2%.
The numerical results demonstrate that there are two groups of transversely isotropic magnetoelectroelastic bimaterials for an impermeable crack. One is for those with real values of e, and the other for those with pure imagery values of e. When e is a pure imaginary number, we denote e as ij. Thus the other kind of singularity index j is found. It should be pointed that the singularity index e is always a real number under electromagnetic permeable boundary condition. This indicates that only oscillatory singularity index exists under permeable boundary condition.
The coefficients of several bimaterials in Eq. (14) are calculated and tabulated in Table 2 . And the material related constants of several bimaterials are calculated and listed in Table 3 .
Solution of a penny-shaped interface crack
Consider a penny-shaped interface crack of radius a, subjected to a uniform mechanical pressure p z , a uniform electric displacement boundary value x and a uniform magnetic displacement boundary value c on the crack faces.
Based on the solution method proposed, the extended stress intensity factorsK I1 ,K I2 , K I3 and K II under electrically and magnetically impermeable boundary condition can be obtained easily according to the corresponding elastic problem (Kassir and Sih, 1977) 
where C is the Gamma function. For the bimaterial with the upper half-space containing PZT5H&CoFe 2 O 4 and the lower half-space containing The singularity is oscillatory, and Mode I loadings induce Mode II intensity factors. For the bimaterial PZT4&CoFe 2 O 4 /P7&CoFe 2 O 4 , however, the singularity index j = 0.034049, and one has
In this case, Mode I loadings can only induce Mode I intensity factor.
Concluding remarks
The proposed analysis method based on the hyper-singular boundary integral equation approach reveals the relationship among the boundary integral-differential equations for magnetoelectroelastic and purely elastic bimaterials. The method is versatile and independent of the crack shape and the loadings on the crack faces. The results demonstrates that the solution of an interface crack in a three-dimensional transversely iso- Table 3 Material related constants of some other magnetoelectroelastic bimaterials for tropic magnetoelectroelastic bimaterial can be obtained directly from the counterpart of the corresponding purely elastic bimaterial, which has been studied extensively and intensively. It is interesting to note that the combined extended stresses r zz À C 3 D z and r zz À C 6 B z have the classical singularity r À1/2 near an impermeable interface crack border, while the combined extended stress r zz + C 7 D z + C 8 B z has the oscillating singularity r À1/2+ie or non-oscillating singularity r À1/2+j according to the property of different magnetoelectroelastic bimaterials. The indexes e and j do not coexist for one bimaterial. The three new extended stress intensity factors defined by the combined extended stresses may function as the basic parameters in fracture mechanics of magnetoelectroelastic bimaterials. Under the permeable electromagnetic condition, the extended stresses have only the oscillating singularity r À1/2+ie near crack border and depend only on the mechanical loadings.
The derived boundary integral-differential equations are also applicable to co-planar multi interface cracks in three-dimensional transversely isotropic magnetoelectroelastic bimaterials.
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Appendix A. Fundamental solutions
The following material related constants for a transversely isotropic magnetoelectroelastic material will be used in the fundamental solutions
ðA:1Þ where s i are the roots of the material characteristic equation and k mi are the material related constants given in Zhao et al. (2006a) .
A.1. Fundamental solutions corresponding to unit point force P 3 in the z-direction With regard to the fundamental solutions of a point forces, point charge and point electric current applied at the point (0, 0, h) in the interior of a transversely isotropic magnetoelectroelastic bimaterial with the interface being parallel to the plane of isotropy, a Cartesian coordinate system oxyz is chosen such that the xoy-plane lies in the interface. Using the derivation procedures of Ding et al. (2005) , the fundamental solutions are obtained.
In the upper half space, z P 0, the extended stresses of the fundamental solution corresponding to the point force P 3 in the z-direction are given by
ðA:2Þ and in the lower half space, z 6 0,
ðA:4Þ
and variables with a prime refer to the half-space z 6 0 and those without a prime correspond to the half-space z P 0, and
The related coefficients are determined by
Solutions corresponding to unit point charge P 4 and point current P 5 are in the same form as Eqs. (A.2)-(A.4), but P 3 and A i should be replaced, respectively, by P 4 and B i and P 5 and C i . Coefficients B i and C i are determined by
ðA:6Þ
ðA:7Þ
A.2. Fundamental solutions corresponding to unit point force P 1 in the x-direction When z P 0, the fundamental solutions are given by 
